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Figure 1: CD4 Data (Source: Staicu & Park, 2016)
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Examples of FDA—DTI
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Figure 2: DTI Data (Source: Staicu & Park, 2016)

3/20



Stochastic Process

o | @ Underlying random function: {X(t); t € T}

s | m mili.d. sample paths (realizations of random functions):

{Xi(t);t T}

m Subsamples of m sample paths: x;(t;), i = 1,...,mand
j =1,...n;
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Second-Order Process

m {X(t);t € T} is a second-order process if, for each t,
X(t) has finite second moment, i.e.,

E|IX(1)? < o0

m Continuous mean function:

px(t) = E{X(t)}

m Continuous and nonnegative definite covariance function:

I'x(s,t) = Cov{X(s),X(t)},forall s,te T
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Functional Principal Component Analysis

(fPCA)

“iow. | m Reduce dimensionality
o m Capture main modes of variation
m Express X(t) as

K
X(t) = px(t) + ) Ckop(t)
k=1

where (i is the kth FPC score and ¢ is the kth
eigenfunction
[m] e [m]
=
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PCA for Multivariate Data

PCA for Multivariate Data
From PCA to fPCA
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Figure 3: PCA (Source: Pachter, 2014)
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Second-

PCA for Multivariate Data
From PC PCA

PCA for Multivariate Data

The data is X = (X1, ..., Xm)"

Eigen decomposition of Cov()?) to get eigenvectors ®
and eigenvalues A

M
Cov(X) = ®ADT =" Amomor,

m=1
Obtain
M
Y = PX.= >[5 Xelom
m=1
u Xo =X 1204
m P=®(®"®)""®7 is the projection matrix

m Y is the re-representation of the data
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PCA for Multivariate Data

m Then we have X = py + ®¢, where ¢ = &7 X,..
B C= (G, Cm)T
® (m = &n(X — nx)
m E((m)=0
m Var((m) = Am
m Cov((m,¢,) =0

m The principal component scores are rank-ordered by
their variances
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C Multivariate Data
From PCA to fPCA

Number of FPC

From PCA to fPCA

m Mercer’s Theorem

Z Akdk(s

),foralls,te T

m )\ : mth eigenvalue of X(t)
B ¢«(t): mth eigenfunction of X(t)

m Karhunen-Léeve Representation
N+ kot
k=1

— px(t)] ok (t) dt: kth FPC score for X(f)

m = [7[X(1)
= Ak, COV(Ck, Ckr) =0

m E(C) = 0, var(¢k)
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Number of FPC (K)

m Fraction of variation explained (FVE)

D PV
m FVE = Z/?il p

m Information criteria

m AIC
m BIC

m Cross validation (CV)
m Minimize the cross-validation score based on the
one-curve-leave-out squared prediction error:

K n; )
CV(K) = > > Yy — YTy

i=1 j=1

11/20



Recovering Individual Trajectories

S After fPCA and selectir)g the number of FPCs, we can
o recover the trajectory X;(t) for the ith subject as

- K
e X[t = alt) + > Cdw()
k=1

The estimation is based on noisy observations
m*( {(\/I"]?ti1)7"'7(\/in,'7tfn,')}a Where

Yi = Xi(tj) + €
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Comparisons of LMEM and FDA

Observed data {()/11 ) ti1 )a e ()/I'n,'a tin,-)}

m LMEM: Y; = X, + Zb; + &
m parametric assumptions for the model

m parametric methods for estimation

m objective: inference
m FDA: Y = Xi(tj) + ¢
m no assumption for the model covariance
m nonparametric approach for estimation

m objective: recovering subject-specific trajectories
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R Demonstration

R Demonstration

R Demonstration
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Extensions: FLR
m Functional Linear Regression Models (FLR)
m Scalar-on-Function Regression
Yi=a +/B(t)X,(t) dt + €

m Function-on-Scalar Regression

Yi(t) = Bo(t +Zﬁ, )X + €i(t)

j=1

m Function-on-Function Regression

Yi(t) = fo(t) /ﬁstX(t)dt+e,(>
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Curve Registration
Sparse Data

Extensions: Curve Registration

m Phase displacement or amplitude variability in the data.
m Align the curves through time warping.

Acceleration
2
1

Age
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PCA for Multiva

From PCA to fPCA
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Extensions: Curve Registration

Acceleration
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Extensions: Sparse Data

m Principal Component Analysis through Conditional
Expectation (PACE) Method for Sparse Data

m We have “sparse” data when the number of measurements
per subject (n;) is very low.

CD4 cell counts
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